Abstract Let K be a field of characteristic p and let G be a finite group of order divisible by p. The regularity conjecture states that the Castelnuovo-Mumford regularity of the cohomology ring H * (G, K) is always equal to 0. We prove that if the regularity conjecture holds for a finite group H, then it holds for the wreath product H Z/p. As a corollary, we prove the regularity conjecture for the symmetric groups Σn. The significance of this is that it is the first set of examples for which the regularity conjecture has been checked, where the difference between the Krull dimension and the depth of the cohomology ring is large. If this difference is at most 2, the regularity conjecture is already known to hold by previous work.
Introduction
Let K be a field of characteristic p and let G be a finite group. Then the regularity conjecture [2, 3] states that the Castelnuovo-Mumford regularity of the cohomology ring Reg H * (G, K) is always equal to 0. Briefly, the definitions are as follows. We write m for the maximal ideal of positive-degree elements in H * (G, There are various motivations for studying regularity of cohomology rings. One is that it gives a priori bounds for how much of a projective resolution you have to compute before you can be sure that you have all the generators and relations in the cohomology ring (see Theorem 10.1 of [3] for further details). Another motivation is that it gives more precise information about the duality developed by Benson and Carlson [4] . In terms of the definitions of that paper, a regularity of zero ensures that the 'last survivor' really is last. A further consequence of the regularity conjecture is that regular behaviour for the dimensions of the cohomology groups dim K H n (G, K) begins straight away, as we prove in Theorem 5.5.
In Theorem 1.5 of [3] it was proved that, as long as the Krull dimension and the depth of H * (G, K) differ by at most two, the regularity conjecture holds. Unfortunately, the vast majority of the examples for which the regularity conjecture has been checked satisfy this bound; for example, this is the case for all 2-groups of order at most 64 [5] as well as various other classes of finite groups studied in [11, 13, 17, 20] . So to gain more confidence in the conjecture, it is desirable to check families of examples where the difference is greater than 2.
One good way of producing examples where the difference between the Krull dimension and the depth is large is to look at wreath products. The goal of this article is to provide further evidence for the regularity conjecture by examining wreath products. In particular, we shall prove that the conjecture holds for the cohomology of the finite symmetric groups, where the difference between the Krull dimension and the depth is arbitrarily large. This follows from Quillen's stratification theorem [18, 19] : Σ p n has p-rank p n−1 , so this is the Krull dimension; but there is also a conjugacy class of elementary abelian p-subgroups of rank n, so that the depth is at most n.
Let H be a finite group and consider the wreath product
Our main theorem is the following, the proof of which can be found in § 3.
Our proof involves using the structure of the cohomology of wreath products, as described in Nakaoka [15] . Using the fact that the Sylow p-subgroups of Σ n are direct products of wreath products, we obtain the following corollary.
The corollary is obtained in § 3, where we also treat the alternating groups A 2 n in characteristic 2.
For more general wreath products, similar techniques probably work. But the technical details become much harder. Instead, we show that a numerical consequence of regularity does hold for more general wreath products. Namely, in Theorem 5.5 we show that one consequence of the regularity conjecture is that the dimension function 
where j is the remainder on dividing i by d.
The fact that this regular behaviour occurs for large enough i is a simple consequence of finite generation. The interesting consequence of the regularity conjecture is that the eventual behaviour begins straight away. We prove the following theorem in § 5. 
Castelnuovo-Mumford regularity
Let R = j 0 R j be a Noetherian graded commutative K-algebra. Here graded commutative means that for homogeneous elements x and y we have yx = (−1)
|x| |y| xy, where |x| denotes the degree of x. We shall assume that R is connected, meaning that R 0 = K. For example, these conditions hold in the case where R is the cohomology ring of a finite group: R = H * (G, K). Let m be the maximal ideal spanned by the homogeneous elements of positive degree, m = j>0 R j . If M is a graded R-module (we allow positive and negative grading), then the local cohomology is doubly graded:
The first grading is the local cohomological degree and the second is the internal degree coming from the grading on R and M . We define the a-invariants of M to be The Castelnuovo-Mumford regularity is defined to be
See § 4 of [3] for further details, and § 20.5 of [9] for the history and geometric significance of this definition for strictly commutative K-algebras whose generators have degree equal to 1. See also [14] for a more general context for this definition, and [7] for a closely related definition. The significance of regularity in group cohomology is the following conjecture from [2, 3] .
We mention that it is proved in Theorem 4.2 of [3] that the inequality
holds.
Regularity can be reformulated in terms of free resolutions as follows. Let ζ 1 , . . . , ζ r be a filter regular homogeneous system of parameters in R, and let
In particular, if M is finitely generated, then Reg M is finite, and hence the a i m (M ) are either finite or equal to −∞.
In order to prove the main theorem, we begin with some general properties of regularity.
Proposition 2.2. Suppose that
is a short exact sequence of R-modules. Then we have
Proof . This follows from the long exact sequence in local cohomology:
Corollary 2.3. Suppose that
Proof . This follows from Proposition 2.2 and induction on n. 
and so
Now use the formula (2.2) for regularity. 
Proof . Let d be the depth of M and let s be its Krull dimension. We have
Proof of the main theorem
It was proved by Nakaoka (see Theorem 3.3 of [15] ; see also the end of § 4.1 of [1] ) that there is a ring isomorphism
We write t for the generator of Z/p, and we use multiplicative notation, so that Z/p = t | t p = 1 .
⊗p decomposes as a direct sum of two pieces. One piece is spanned by the elements x ⊗ · · · ⊗ x, as x runs over a vector space basis of H * (H, K), with trivial Z/p-action; the other piece is spanned by tensors involving more than one basis element, and the Z/p-action on this summand is free. Notice that this decomposition depends on a choice of homogeneous basis for H * (H, K), and is therefore not canonical.
Let T ⊆ H * (H Z/p, K) be the image of the transfer from
Z/p and consists of the invariants in the free summand described in the previous paragraph. Furthermore, 
Lemma 3.2. We have
Proof . The equality follows from the isomorphism (3.1) and Proposition 2.4. The depth of H * (H, K) is at least 1 by a theorem of Duflot [8] , so the inequality follows from Proposition 2.5.
Lemma 3.3. As an
⊗p has a filtration with p + 1 filtered quotients, which consist of p − 1 copies of T followed by one copy of H * (H, K) [p] , and finally another copy of T .
Proof . Since the image of the restriction map
Consider the action of (1 − t) ∈ KZ/p. As mentioned above, H * (H, K) ⊗p has only trivial and free summands as a KZ/p-module. So we have a filtration of
There are other interesting finite groups whose Sylow p-subgroups are direct products of iterated wreath products in a similar manner. For example, if G = GL n (F q ) with q coprime to p, then the Sylow p-subgroups of G have this form (except in certain cases when p = 2). However, for these groups the computations of Quillen [20] show that H * (G, K) is Cohen-Macaulay, so that the regularity conjecture holds (for example by Theorem 1.5 of [3] ).
A more interesting class of examples is the alternating groups in characteristic 2. 
Proof . This interesting and subtle fact was communicated to me by Mark Feshbach. The proof can be found in a paper of Wong [22] . The essential observation is that if S is a Sylow 2-subgroup of A 2m , then V m S is a Sylow 2-subgroup of A 4m . Here, V is a Klein four group acting regularly on four points, and each pair of points permuted by S is replaced by a copy of V with an outer automorphism of order 2. As an abstract group, V m S is isomorphic to Z/2 S. This is an example of Neumann's twisted wreath products [16] .
So an analysis of the case of A 2 n involves understanding wreath products with Z/2 × Z/2.
Proof . We can mimic the proof for the wreath product of H with Z/p as follows. [4] . We shall show that each of these pieces has regularity less than or equal to 0.
We filter H * (H, K) ⊗4 in such a way that the filtered quotients consist of four copies of T 1 , two copies of T [2] 2 for each of the three subgroups of V of order 2, and one copy of H * (H, K) [4] . The top and bottom filtered quotients are copies of T 1 . By Proposition 3.4, we have Reg T 2 = 0, and so by Proposition 2.5 we have Reg T [2] 2 < 0. Also by Proposition 2.5 we have Reg H * (H, k) [4] 
Finally, we apply Corollary 2.3 to the filtration described in the first part of the proof to deduce that H * (H V, K) has regularity less than or equal to 0. Combining this with the inequality (2.1) completes the proof of the theorem.
The same method of proof presumably works for a wreath product with any p-group, but it seems hard to set up the details of the filtrations. Proof . The hypothesis is unchanged if we multiply the top and bottom of the rational function by a suitable polynomial so that all the n i are equal, say n i = d.
Corollary 4.4. Let K be a field of characteristic 2. If
A 2 n G Syl 2 (A 2 n ), then Reg H * (G, K) = 0.
